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BIOGRAPHICAL NOTE
Dr. Kozai received his degree from the Tokyo University in 1958.

Kozai has been associated with the Tokyo Astronomical Observatory
since 1952, and has held concurrent positions as staff astronomer with that
observatory and consultant to the Smithsonian Astrophysical Observatory

since 1958.

He has specialized in celestial mechanics, his research at SAO being
primarily in the determination of zonal coefficients in the earth's gravita-
tional potential by using precisely reduced Baker-Nunn observations. He

is also interested in the seasonal variations of the earth's potential.
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ABSTRACT

Expressions for second-order short-periodic perturbations for satellite

motion are derived by assuming that Iy = -1. 4 Jg. The expressions consist
of terms for which amplitudes are larger than 10-7 when the parameter of
the ellipse is equal to the equatorial radius of the earth and the eccentricity

is 0. 15. The expressions for the J3 term are also given,
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NOTE ON EXPRESSIONS FOR SECOND-ORDER SHORT-PERIODIC
PERTURBATIONS

Yoshihide Kozai

My paper (1962) on the second-order theory of satellite motions
contains very complicated expressions valid for any eccentricity and
inclination. However, these expressions can be simplified by taking

into consideration the following facts:

A. We cannot expect the accuracy of observations to become better
than 1077 (0.02 sec).

B. We can assume the eccentricity to be small, since, otherwise,
the semimajor axis would be large and, therefore, the second-order

effects would be negligibly small.

C. We can combine J terms with J terms by using the relation
J4 -1.4 JZ for the earth, since they have common arguments. For
.2 2

example, instead of writling .12 cos a + J4 Cos a we can write -0.4 J

2 "2
-0.4 JZ cos a.

In this note simplified expressions for short-periodic perturbations
are given. The expressions consist of terms for which amplitudes are
larger than 10-7 when p = a(l - ez) =1 and e = 0.15. When the eccen-
tricity is larger than 0.15, p is larger than 1.2, and, therefore, the
amplitudes are reduced at least by a factor of one-half because of a

.. 4 . .
divisor p in the expressions,

This work was supported in part by grant no. NsG 87-60 from the National
Aeronautics and Space Administration.




In deriving the expressions it is assumed (Kozai, 1964) that

- 2 - -6
J, =-1.407 J5 (J, = -1.649 x 107°)

In addition to Jg terms, J3 terms are also given.

Kepler's third law is written as

a, = <i—124>1/3 [ _% \!_2 (1 - 302)

J2
- (11 —1266 +126 6 )] , _ (1)
16
where
- : - _ .2
60 = cos i , Py = ao(l eo)

The quantities with suffix zero express mean elements that are con-
stant, or at least cannot be changed by perturbations due to the earth's
figure. The semimajor axis 2y defined in equation (1), is less by

72 (1 - 6%)° (GM/n2)L/3

vious paper (1962). The last term of equation (1) with factor JZ cannot
~7

/32p than that given as equation (7. 3) 1n my pre-

have a value greater than 15 X 10




The short-periodic perturbations are given for the radius r, the
argument of latitude L. = v + w, the inclination i, and the longitude of

the ascending node as follows:

’

- &
1l +e’ cos v’

T

2

+"J—{(l-39'2) |:1+-——e—l-—-—cos v’ - 1 —1:-—,]

I3
4p' 141-e"? 1-¢% 2
+ (1 -6’2) cos 2(v’+w*)}

J

+ 32;2 sin i {2(1 -50%) [24e sinw [5]
+ 3 sin (v +w) [5]
- 8e sin (2v+o)| [2]
+5 sin’i sin 3 (v+w)} , [4]  (2)

. J _ ,2
L:v’+oo"‘-——'2—2 4e’< 1-38 > +l-66’2>sinv’
8p’ I1+N1-¢€

+(1-30%) <l -\]1 -e?) sin 2v - 2¢/ (2-50'%) sin (v’ + 20¥)

- (1-70"%) sin 2 (v'+u¥) + 2¢'07 2 sin(3v'+2w>:<)j,




J

+——2—— [36(4 - 350% +356%) cos (v+a) [50]
96p~ sin i
, 2. 2
+ 63e sin"i (1 -50°) cos w [2]
2 o4
- 3e(19-480“+5067) cos (2v+w) [4]
. 2. 2
- 10 sin”i (1 -76%) cos 3 (v+ w)] (3]
2
35 .
+—= [(17 - 67202 + 12056%) (v - M) [25]
64p
+3(31-7100% + 12896%) e sin v [50]
- (101 - 88462 +8220%) e sin (v+2w) [3]
2 4y .
+(12-196°-1867) sin 2(v+ w) [5]
- (4-19902 + 4646%) ¢ sin (3v+2w) [8]
+(5-270% +400%) sin 4(v+w)] [4]  (3)
JZ ok
=i’ + sin 2i’ [3e’cos (v/ + 2w )
2
8p

+ 3 cos 2 (v’ +<.o*) + e’ cos(3v’ + Zw*)]




J

+—2-0 {- 3(1-562) [2 sin (v+w) [40]
16p
+ e sin (2v + w)] [3]
. 2. .
+ 5 sin” i [3e sin (2v + 3w) (2]
+ 2 sin 3 (v +w)]} [6]
J 2
+ 7 sin 2i [(1+26°) cos 2 (v +w)] (2]
lép
- 8(1 -562) e cos (3v + 2w)] , (2] (4)
J-2 ale
Q=9 +—=5 0/[- 6(v' - M') - be’sin v’ + 3¢’ sin (v’ + 20"
4p’
+ 3 sin 2(v’ +w*) + e’ sin(3v’' + Zoo*)]
J3 0
+ = [3(11 -156%) [2 cos (v+w) [40]
3 sini -
16p
+ e cos (2v +w )] [3]
. 2.
- 10 sin"i cos 3 (v +w)} [6]
%
+ 6 [33(L - 362) (v - M) [15]
4
16p
+ (142 - 4076%) e sin v [30]



3 (25 - 286%) e sin (v +2w) [2]

- (20 - 276%) sin 2 (v +) [5]
- (49 -1166%) e sin (3v +2w) [8]
+(6-116%) sin 4 (v+w)] [4]  (5)
where
w*=w’-3—J%(l-56’2) (v' - M’') . (6)
4p’

The bracketed number given on the right side of each second-order
term is the estimated maximum amplitude in units of 10‘7.

In the expressions of the first-order perturbations with factor JZ,
mean orbital elements free from short-periodic terms should be used
as primed quantities. These quantities change because of long-periodic
perturbations and should be known with four significant figures in order
for the position of the satellite to be computed to seven significant figures.
4

Therefore, it does not matter whether any perturbations less than 10~

are included or not in order to compute the primed quantities.

In the expressions of the second-order perturbations with factors
J3 and J4, it is not necessary to know all the quantities with more than

two significant figures.




Equation (2) is derived from equation (5.7) in my previous paper

(1962), and the J, and 72

, terms are cancelled out and neglected.

In addition to Jg and J3 terms given here, it may be necessary to

compute J5, J6, ..., terms in order to know the positions of the satel-

lite with an accuracy of 10-7.
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